Introduction
Time delayed feedback control has been applied to suppress nonlinear vibrations and stabilise bifurcations of nonlinear systems with parametric (or external) excitations [1] [2] [3] [4] [5] .
In addition to the selection of control gains, effective vibration control requires an optimal selection of the appropriate values of time delays to achieve satisfactory control performance. Usually the time delays are selected to be well separated from the critical values at which the trivial solution of the corresponding autonomous system loses its stability. It is now accepted that an introduction of time delays in a nonlinear system can 2 induce certain dynamic behaviour such as instability, bifurcations and chaotic motions [6] [7] [8] [9] [10] [11] [12] [13] , which may be undesirable from the perspective of vibration control.
For a nonlinear system having external excitation, the presence of time delays may lead to distinct behaviour that cannot be observed in the same nonlinear system without time delay. An important phenomenon is the interaction of the periodic external excitation and the stable periodic solutions that result from Hopf bifurcations of the corresponding autonomous system. In particular, for a nonlinear system losing the stability of its trivial solution through a single Hopf bifurcation, the interaction may lead to primary resonances, sub-harmonic and super-harmonic resonances in the forced response when the frequency of the Hopf bifurcation and the forcing frequency satisfy a certain relationship. More interestingly, for a nonlinear system losing the stability of its trivial solution via two Hopf bifurcations, the interaction can further result in additive resonances and difference resonances, when the forcing frequency and the frequencies of the two Hopf bifurcations satisfy certain relationships. The main purpose of the present paper is to study difference resonance response of a controlled van der Pol-Duffing oscillator subjected to a periodic excitation, which results from an interaction of the external excitation and two periodic solutions bifurcated from the trivial solution of the corresponding autonomous system at non-resonant Hopf bifurcations.
An externally forced van der Pol-Duffing oscillator under a linear-plus-nonlinear feedback control considered in the present paper is of the form
where x is the displacement, an overdot indicates the differentiation with respect to time t,  is the natural frequency,  is the coefficient of the nonlinear term,  and  are the weakly nonlinear feedback gains, respectively, and  denotes the time delay occurring in the feedback path. Only one time delay is considered here for simplicity.
With the increase of the value of time delay, the trivial solution of the corresponding autonomous system (obtained by letting 0 0 e  in equation (1)) was found to lose its stability via a subcritical or supercritical Hopf bifurcation and regain its stability via a reverse subcritical or supercritical Hopf bifurcation [14] . An intersection of two nonresonant Hopf bifurcations may occur on the stability boundary of the trivial solution. The point of the intersection is usually associated with the bifurcation of co-dimension two and may be a source of complicated behaviour in the context of ordinary differential equations [15, 16] . It was found that the autonomous system may admit the trivial solution, two periodic solutions and a quasi-periodic solution on a two-dimensional (2D) torus [17] .
In the neighbourhood of non-resonant Hopf bifurcations, the presence of an external periodic excitation can further induce rich dynamic behaviour of the controlled oscillator additive and difference resonances [18] . These phenomena are hard to identify from the original system (1), as they do not relate to the so-called natural frequency  (nor to its multiples). Understanding of the distinct observable behaviour in nonlinear systems involving time delays remains limited. The non-resonant response and two types of primary resonances of the controlled oscillator were studied in reference [18] and three types of additive resonances were discussed in reference [19] . Difference resonance response has not yet attracted much attention even in the context of non-linear oscillations to the authors' best knowledge. Two types of difference resonance responses will be discussed in the present paper.
The present paper is organised into five sections. Section 2 presents four first-order ordinary differential equations on the centre manifold. Section 3 lists types of resonances 4 that can occur in the forced response. Two types of difference resonance responses are studied in Section 4. Conclusion is given in Section 5.
Reduction of the centre manifold
The dynamic behaviour of the solutions of equation (1) 
where 1  and 2  are the normalized frequencies of Hopf bifurcations.
) are polynomial functions of order three in terms of
More details on the coefficients and relevant algebraic manipulations can be found in the reference [17] .
Types of resonances
When two natural frequencies (or their combinations) and the forcing frequency satisfy certain relationships, the forced response of the system (2) 
Difference resonances may occur when either 
Difference resonances
By using the method of multiple scales [20] , the first-order solutions to equation (2) can be written in a general form as
where 1 r , 2 r , 1  , 2  represent the amplitudes and phases of the free-oscillation terms, and the coefficients A and B's denote the amplitudes of the particular solutions.
As discussed in Section 3, four types of difference resonances may appear in the forced response. The present paper will study two cases of difference resonances, namely
. The other cases can be studied in a similar manner. To account for the nearness of the forcing frequency to the combination of two natural frequencies, two detuning parameters, 1  and 2  , are introduced in terms of
. These two types of difference resonances will be referred to here as Cases I and II.
6
Case I:
The averaged equations that determine the amplitudes and phases of the response of difference resonance Case I are given by ) sin( ) cos 
Real positive solutions of equation (5) lead to the frequency-response curves. The stability of the solutions can be examined by computing the eigenvalues of the coefficient matrix of characteristic equations which are derived from equation (4) 
T , the coefficients are not produced here.
The frequency response curves can be determined by numerically solving the equations: 
Equation (7) As illustrative examples, consider a specific system with parameters 
